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Optical properties of pure and ultraheavily doped germanium: Theory and experiment 
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We have measured by spectroellipsometry the dielectric function E of pure and ultraheavily doped 
germanium from the near-infrared (IW~J.6 eV) to the near-ultraviolet (IW~5.6 eV) regions. The 
dependence of the E., E 1 +Ah E~, and E2 critical energies on impurity concentration was obtained. 
A red shift of the different critical-point energies, together with an increase of the lifetime broaden­
ing, has been observed. Amplitudes and phase angles for the corresponding critical points were also 
obtained. The results are compared with full band-structure calculations of the effect of the impuri­
ties on the band structure of germanium. 

I. INTRODUCTION 

Considerable attention has been devoted in the past 
years to the effect of heavy doping on the electronic prop­
erties of semiconductors.1- 3 Besides the technological 
importance of obtaining high doping levels, e.g., for the 
tailoring of device properties, it is of basic interest to 
study the energy spectra of disordered materials and to 
compare the experimental results with theoretical predic­
tions of the change and of band structure with impurity 
concentration. At moderate low doping levels localized 
impurity states develop close to the band edges. With in­
creasing dopant concentration the localized states overlap, 
producing an impurity band. This band is separated from 
the host conduction (valence) band (for the case of donors, 
acceptors, respectively) by the so-called Mott gap. At still 
higher impurity concentrations, the impurity and the host 
band become mixed to build a new continuum, so that 
there is no longer a clear distinction between band and im­
purity states. In this way the degenerate semiconductor 
resembles a metal. 

The effects of doping on the fundamental band edges 
have been studied with electrical transport experiments4 as 
well as with o.ptical techniques such as absot'ftion,'· 6 elec­
troreflectance (ER), and photoluminescence. Besides the 
formation of band tails because of the random potential, a 
shift of the band edges results, due to two competing phe­
nomena: a blue shift (Moss-Burstein shift9) due to the fil­
ling of the valence (conduction) band by holes (electrons), 
and a shrinkage by many-body effects. 

The higher edges, above the fundamental ones, have 
been less studied. Only optical measurements, such as re­
flectivity,10-13 ER,14- 17 photoluminescence,18 and ellip­
sometry19 have been carried out. Recently, resonant Ra­
man scattering by phonons in heavily doped n-type Ge for 
the region of the E 1 and E 1 + ll.1 has been studied. 20 

The spectroellipsometry technique has been proven as a 
reliable tool to measure the effects of heavy doping on the 
band structure of semiconductors.19·21 - 23 This technique 
measures the complex pseudo-dielectric-function versus 
photon energy (the term "pseudo" will be used in the rest 
of the paper because of small effects of uncharacterized 
surface layers). The structures present in the spectra are 

believed to be related to interband transitions at different 
points of the Brillouin zone (BZ). The usually broad 
features can be enhanced by means of numerical deriva­
tive techniques. A line-shape analysis of these data yields 
not only an accurate determination of the energy thresh­
old (E), but also detailed information about the electronic 
interband transition, such as lifetime broadening (r), os­
cillator strength (A), and many-body effects, described by 
the phase angle t/J. 

In this paper we report on the optical properties of pure 
and ultraheavily doped germanium measured at room 
temperature in the region from near infrared (1.8 eV) to 
the near ultraviolet (5.6 eV). Bulk-doped and ion­
implanted, laser-annealed (liLA) germanium was used to 
prepare samples, with impurity concentration ranging 
from N=l013 cm-3 to N=2X 1021 cm-3. The use of 
liLA samples provides doping levels one order of magni­
tude higher then the bulk thermal solubility limit24 
(Ne=4X 1019 cm-3), and therefore allows us to extend the 
range of electrically active, impurity concentration of our 
previous work.19 

We have carefully studied the higher interband transi­
tions labeled E 1 (=2.1 eV), E 1 +ll.1 b2.3 eV), E 0 b3.1 
eV), and E 2 (=4.4 eV). Two-dimensional (20) line shapes 
were used to analyze the line shape of all these critical 
points (CP). We find that the main effect of the dopants 
is to broaden the CP and to shift them to lower energies. 
Another effect we find is a systematic decrease of the ex­
citonic phase angle t/J with increasing impurity concentra­
tion, as well as a decrease of the oscillator strength of the 
E 1 CP in n-type material, in agreement with the decrease 
in intensity found for the resonant Raman scattering, 20 
and attributed to the presence of free electrons at the L 
minima of the conduction band. 

We have performed perturbation calculations of the 
changes in the band structure of Ge due to substitutional 
impurities,23·2' including terms of first and second order 
in the impurity potential. We have extended the results of 
our previous work23 (in the following referred to as VC) 
and calculated the effects of acceptors as well as donors 
on the critical points of Ge; both kinds of impurities yield 
similar shifts and broadenings of the different singulari­
ties with an N" dependence. This dependence is in 
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TABLE I. Samples used for the ellipsometric measurements shown in Figs. 1 and 2. ? indicates direction was unknown. 

Undoped Ge 
n-type Ge(As-V) 
p-type Ge(Ga-V) 
n-type Ge(P-VI) 
p-type Ge(ln-1) 

•Estimated as in Ref. 44. 

[110] 
[111] 
[110] 
[100] 

? 

Doping 
concentration 

(cm- 3) 

2.7x 1019 

7.8X 1019 

9.5x 1020 

2X 1021 

reasonable agreement with the experimental results. 
The outline of this paper is as follows. Section II gives 

the experimental details. The results are presented in Sec. 
III. Section IV deals with the method of calculation, and 
finally the experimental results are discussed in the light 
of the theoretical calculations in Sec. V. 

II. EXPERIMENT 

Pure and n- and p-type bulk-doped Ge crystals with 
doping concentrations from 6X 1017 to 8X 1019 cm-3 were 
used to prepare samples. A standard polishing pro­
cedure23 was used to obtain mirrorlike surfaces. We also 
used liLA (Ref. 26) crystals with ion concentrations rang­
ing from 2X 1019 to 2X 1021 cm-3. The range of implan­
tation doses was (0.2-6}X 1016 cm-2 for n-type material 
and (1-6)X 1016 cm-2 for p-type material at 65-350 
keV. The crystals were annealed with a XeCl excimer 
laser at 308 nm. The annealed surface was obtained by 
multiple overlapping laser spots as described in Ref. 27. 
The typical laser energy per shot was 0.8 J/cm2. 

We present here the complete spectra of E1 and e2 and 
their second derivatives for 5 of the 26 samples measured. 
Only the critical-point parameters are given for the rest of 
the samples. The characteristics of these samples are 
summarized in Table I. The first sample, taken as refer­
ence and labeled as undoped or pure Ge, has a very low 
electron concentration at 77 K (n < 1013 cm-3}. Two 
samples are bulk doped with arsenic [n-type Ge (As-V)] 
and with gallium [p-type Ge (Ga-V)] with carrier concen­
trations of n=2.7X1019 cm-3 and p=7.8X1019 cm-3. 
The last two samples are liLA crystals i~planted with 
phosphorus [n-type Ge (P-VI); n = 1.2X 10ZU cm-3] and 
indium [p-type Ge (ln-1}; p=2X 1&1 cm-3]. 

An automatic ellipsometer described elsewhere23 was 
used to measure the pseudo-dielectric-function spectra 
E(w)=E1(w)+ie2(w) at room temperature between 1.8 and 
5.6 eV. The samples were mounted and optically aligned 
in a windowless cell in flowing N2 to minimize surface 
contamination. The chemical treatment of the samples 
was described previously in VC. 

III. RESULTS 

Pseudo-dielectric-functions were calculated from the 
complex Fresnel's reflectance ratios, with the use of the 
measured ellipsometric angles ('1',.11) and taking into ac­
count the optical activity of the Rochon prisms. 28 The 
spectra for the five selected samples are shown in Figs. 

Implantation 
dose 

(cm-2) 

2X1016 
2Xto16 

Implantation 
energy 
(keY) 

190 
350 

Carrier 
concentration• 

(cm- 3) 

< 1013 
2.7x 1019 

7.8X 1019 

1.2X 1o2° 
1.6X 1021 

l(a)-l(d), where the dotted lines represent the pseudo­
dielectric-function of undoped Ge. The effect of the im­
purities is clearly seen in these figures: There is an in­
creasing lifetime broadening and red shift in the E 1 (2.1 
eV), E 1 +.:l1 (2.3 eV), E0 (3.1 eV), and E 2 (4.4 eV). For 
the spectra of Figs. l(a) and l(b) we have assumed that the 
ellipsometric data correspond to a simple air-bulk-Ge in­
terface and a two-phase model29 was used. For the liLA 
samples an oxide film is 'ttill present,30 whose thickness is 
estimated to be about 25 A, as Ge and Si react similarly to 
the etchants.23 In this case we used a three-phase model 
(air-GeOrGe> for the treatment of the data. The index of 
refraction of the Ge02 overlayer was taken from the 
literature.31 The equations were solved to obtain E(w) us­
ing the two-dimensional Newton method. 32 As a check of 
our spectra we have calculated the following sum rules:33 

2m J.wM 
Neff= _2 2 w UJE2(w)dw, 

4'11e N atom m 

(la) 

(lb) 

where Natom is the atomic density, m and e are the mass 
and charge of the electron, respectively, and P means the 
Cauchy principal value of the integral. For Ulm -+0 and 
w M-+ oo, Eq. (la) would yield Neff slightly larger than 4 
and E'1(w0)=E1(w0). We take wm=1.8 eV, wM=5.6 eV, 
and calculate the integrals for w0=2.01 eV. The values 
obtained for Neff and E'1(w) are listed in Table II. Neff for 
the pure sample is 2.47, in good agreement with the deter­
mination of Phillipp and Ehrenreich.34 Neff decreases 
with increasing doping concentration, similarly to the case 
of Si (Ref. 23). The sum rule for €1 [Eq. (lb)] converges 
much more rapidly than that for N err: for the undoped 
and bulk-doped samples, E1(2.01)-E'1(2.01) is smaller 
than 1. This value increases to 2.2 for the liLA samples, 
indicating that we are really measuring a pseudo­
dielectric-function containing small effects of an un­
characterized overlayer. 

Second-derivative spectra (d 2t:/dw2) of the complex 
pseudo-dielectric-function with respect to the photon en­
ergy calculated numerically from our ellipsometric data 
were used to obtain the shifts and broadenings of the CP. 
The results for (d 2t:2/dw2 ) are shown in Fig. 2 for the five 
samples. The solid lines correspond to the numerical 
derivatives of the spectra of Fig. 1; the dashed lines are 
the best fit to the experimental ones. 

The second-derivative spectra show a red shift of the 
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- n-Ge(As 'll:l 
........ pure Ge 2.7x 1019 cm·3 

(a) 

- n-Ge ( P 'Ill) 
....... pure Ge 1.2 x 1020cm3 

(c:) 

-10 

-p-Ge(Ga 'll:l 
...... pure Ge 

- p-Ge( In I) 
....... pure Ge 

r.E2 
: ~ 

\ 
\ 
\ .. 

······ .......... .. 

(b) 

{d) 

34 

FIG. 1. Solid curves: real (E1) and imaginary (E2) parts of the pseudo-dielectric-function of (a) bulk Ge, arsenic doped with 
n=2.7X1019 cm- 3; (b) bulk Ge, gallium doped (p=7.8xto19 cm-3); (c) phosphorus-implanted, laser-annealed Ge (n=1.2xlQ20 
cm-3); (d) indium-implanted, laser-annealed Ge (p =2X 1021 cm- 3). For comparison the pseudo-dielectric-function for pure Ge 
(n < 1013 cm- 3) is also shown as dotted lines in (a)-(d). 
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FIG. 2. Solid curves: second derivatives with respect to the photon energy of the imaginary part of the pseudo-dielectric-function 
(d 2E2/dCli) of the spectra shown in Fig. 1. (a) undoped Ge; (b) n-type Ge (As-V); (c) p-type Ge (Ga-Y); (d) n-type Ge (P-VI); (e) p­
type Ge (ln-1) (the notation for the samples is explained in Table 1). Dashed curves: best fit of the E 1, E 1 + Ah Eb, and E 2 singulari­
ties. A mixture of a two-dimensional minimum and saddle point was used for E 1 and E 1 +A~> a two-dimensional minimum for Eb, 
and a mixture of a saddle point with a maximum was assumed for £ 2 • Note the changes in the vertical scale with increasing doping 
concentration. 
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TABLE II. Effective number of electrons neff, real part of pseudo-dielectric-function obtained 
through Kramers-Kronig transformation €i, measured real part of pseudo-dielectric-function EJ> and 
difference E1- Ei, for the five samples of Figs. 1 and 2. 

Pure n-type Ge 
Ge (As-V) 

n.rr 2.47 2.34 
Ei (2.01 eV) 30.6 29.6 
Et (2.01 eV) 31.7 30.4 
Et-Ei 1.1 0.8 

energy positions of the CP from the pure to the highest 
doped sample, with a corresponding increase in their 
Lorentzian width r. These spectra were fitted assuming 
two-dimensional singularities for all the critical 
points.35•36 Excitonic effects were also taken into account 
in a standard way by allowing a mixture of two critical 
points.35 - 37 Both the real and the imaginary parts of 
(d 2E!do}) were simultaneously fitted. 

The mixture of contiguous two-dimensional critical 
points can be expressed by35 - 37 

(2) 

where the angle t/> represents the amount of mixture. In 
Fig. 3 we plot the values of tant/> of the E 1 singularity ob­
tained from our fits versus impurity concentration Ni. A 
mixture of a 20 minimum with a 20 saddle point corre­
sponds to the values of t/> (0 !5; t/> !5; 1T /2) obtained from the 
fit of the E 1 and E 1 +A1 line shapes. These line shapes 
were simultaneously fitted assuming a constant spin-orbit 
splitting of 187 meV (Ref. 36). Similarly, a mixture of a 
20 saddle point with a 20 maximum (11'/2!5;1/>!5;11') was 
found to fit best the E 2 CP. For the E 0 critical point a 
20 minimum was used. We want to comment that the 
choice of a 20-instead of a 3D-critical point for the 
E 0 structure is probably forced by the fact that at room 
temperature it was not possible to resolve the spin-split 

Ge:E1 

3 

/;, 0 

2 /;, /;, 
9- ----~ 0 

c ----/;, 6 o 

~ 6 l~o•• o~~ 
A n- type •-.. 

0 o p- type 
• n- type liLA 
o p- type liLA 

1018 1019 1020 

Ni (cm-3) 

FIG. 3. Dependence on doping concentration of the excitonic 
parameter tant; defined in Eq. (2) for the E 1 critical point of Ge. 
Triangles, n-type bulk Ge; open circles, p-type bulk Ge; solid 
circles, n-type liLA Ge; squares, p-type liLA Ge. Solid line, 
best fit obtained using Eq. (30) of Ref. 23. 

p-type Ge n-type Ge p-type Ge 
(Ga-V) (P-VD (In-I) 

2.15 2.1 2.1 
29.7 25.4 23.7 
30.4 27.6 25.4 
0.7 2.2 1.7 

components of this singularity. The critical energies ob­
tained from such analysis should thus represent a mean 
value of the E 0 and the E0+A0 and therefore this struc­
ture will be labeled in the figures as E 0. The E 1 and 
E 1 +A 1 structures broaden considerably more than the E0 
and E2 CP and their amplitudes decrease with increasing 
dopant concentration. Other features present in the spec­
tra of Figs. 2(a)-2(e) is the decrease in the amplitude of 
the E 1 structure with respect to that of the E 1 +A1 with 
increasing doping. In pure Ge E 1 is much stronger than 
the E, +A1 CP [Fig. 2(a)], while for the sample P VI 
[Fig. 2(d)] both amplitudes are nearly the same. 

The red shifts of the critical points E" E0, and E2 ob­
tained from measurements of many bulk and implanted 
samples are shown in Figs. 4(a)-4(c) plotted versus carrier 
concentration in a double-logarithmic scale. In the case 
of the E0 CP [Fig. 4(a)] only data points corresponding to 
red shifts are shown: Some samples of relatively small Ni 
gave blue shifts which were nevertheless negligible within 
error. The shifts found for E 1 +A1 are the same as those 
of the E 1 CP because of our fitting procedure. The effect 
of doping becomes clearly noticeable for concentrations 
above 1019 em -3, as in the case of Si (Ref. 23). The ener­
gies and Lorentzian broadenings of the CP of pure Ge are 
listed in Table III; the red shifts AE and the enhancement 
of the Lorentzian broadening parameters Ar are always 
referred to the values of pure Ge. The use of liLA sam­
ples allows us to obtain doping concentrations far above 
the solubility limit,38 and thus increases the range ob­
tained with bulk samples. 19 The results from the liLA 
samples join smoothly with those of the bulk samples, as 
can be seen in Figs. 4(a)-4(c). The dashed lines in these 
figures represent the best fit to a Nr law. We have not 
made separate fits for the n- and p-type samples since the 
observed shifts for a given doping concentration are in­
dependent of type within the experimental accuracy. 

The increase in the Lorentzian broadening parameter r 
with respect to the undoped sample obtained from our 
line-shape analysis of the E 1, E 1 +A 1, and E 2 CP is 
shown in Figs. 5(a)-5(b). Due to the lack of spin-orbit 
coupling on our theoretical calculation of the effect of the 
impurities on the band structure of Ge, we have chosen to 
represent the mean value of the increase of r for the E I 
and E 1 +A1 structures [A((rE1+rE1+A1)av>J. We do 
not show the broadening parameter for the E0 structure, 
because the 20 line shape assumed, affected as mentioned 
above by unresolved spin-orbit splitting, is not expected to 
yield the actual value of the lifetime broadening of this 
CP. 
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TABLE III. Energies and broadening parameters of the critical points of pure Ge at room tempera­
ture. The values in parentheses show the 95% fit reliability. 

E1 
(eV) 

E~ 
(eV) 

E2 
(eV) 

nE1l 
(meV) 

r(E2l 
(meV) 

2.111(3) 2.298(3) 3.11(2) 4.368(4) 58(5) 73(10) 109(4) 

103 

- 102 

== ! 
w 
-<1 

101 

1 

Ge 
.. n-type 
0 p-type 

-,o2 
~ . • n-type liLA 

cp-type liLA 

I iff 
<I 

JOI 

JOIB J019 
N,(cm-3) 

Ge 

A n- type 
0 p- type a 
• n- type liLA 
a p- type liLA 

/~ L .... 

1017 1018 1019 

(a) 

1()20 1()21 ()22 

theory : 0.64 
-/ 

:ra • p . . 1 0 

9'Pa 

hi: 0.63' 0.04 

0 

(b) 

1020 1021 
N; (cm"3) 

Ge 

A n·typo 
0 p- type 
e n-typo liLA 
a p-type liLA 

ro22 

FIG. 4. Dependence on doping concentration of critical-point 
energies of Ge: (a) red shifts (foE~) for the E 0 singularity; (b) 
red shifts (f.£ 1 ) for the E 1 singularity; (c) red shift (f.£2 ) for the 
E2 singularity. The symbols have the same meaning as in Fig. 
3. Dashed lines, best fits to a N~ law, yielding a=0.45±0.03 
for Eo, a=0.63±0.04 for E~o and a=0.6l±0.05 for E2• Solid 
line, result of second-order perturbation-theory calculation. The 
shifts are measured with respect to the undoped sample. 

IV. THEORY 

Sections IV A and IV B of VC, discussing the general 
approach of the calculation and the first-order perturba­
tion terms for Si, remain valid for Ge and will not be 
reproduced here. The pseudopotential form factors used 
for the calculations of the first-order perturbation terms, 
obtained in the same way as in VC, are listed in Table IV. 
In Table V we show the results of the calculation of the 
first-order perturbation terms obtained in the "virtual 
crystal approximation" (VCA), for the E 0 ( r w--~ r 2.), 

Eij(r2s·-+rts>. E;nd<r2s·-+Xtl, E;nd(r2s·-+Lt ), 
E t (A3•-+A3), Ej (A3•-+A3), and E 2 gaps of Ge. For the 
E 2 gap we took the point k=[(217'/a0 )](0.75,0.25,0.25) 
as representative of this transition.39 

For the E 1 transitions we have calculated the shifts for 
several points along the A direction k = [ ( 1TY I a 0 )] (1, 1, 1) 
and averaged them for + ~Y ~ 1. At Ej we used the same 
procedure while averaging for+ ~y ~ 1. These regions of 
y should contribute mostly to the observed structure 
(parallel valence and conduction bands39). 

In Table V we also show the linear coefficients of the 
shifts of Ge gaps with doping, calculated as described in 
Sec. IV B of Ref. 23. Here, and in the rest of the article, 
positive shifts mean red shifts with increasing doping con­
centration. The shifts in Table V are usually about an or­
der of magnitude smaller than the second-order shifts, to 
be discussed later; the only exceptions are found, as in the 
case of Si, in the case of N and B doping. We must, how­
ever, bear in mind that in these cases the pseudopotentials 
are not well known. In most cases gaps which exhibit 
blue shifts for donors show red shifts for acceptors. 

The terms in first-order perturbation yield only a real 
self-energy contribution (energy shift) and they do not af­
fect the lifetime of the electronic states. The next terms 
in the perturbation series are represented schematically in 
Fig. 6 [cf. Eq. (15) in Ref. 23]: These terms represent 
second-order processes via a virtual intermediate state 
(scattering of an electron initially in the one-particle state 
I k,n) into another one-particle state I k+q,m) and 

back to I k,n ) ). Two kinds of processes can be dis-
tinguished: intraband scattering, in which the virtual in­
termediate state is in the same band as the initial state 
(m =n), and interband scattering (n~m). Generally, the 
energy denominators involved in these second-order terms 
are larger for the interband than for the intraband scatter­
ing, thus the latter processes usually dominate. 

In Ref. 23 we presented calculations of the second-order 
terms for the case of acceptors in Si. The case of donors 
differs because of the details of the corresponding band 
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TABLE IV. Pseudopotential fonn factors V3, Va, and Vu (in Ry) used for the calculations of the 
first-order effect of impurities on the band structure of gennanium. In parentheses are the III-V com­
pounds from which the pseudopotentials were extracted. All pseudopotentials given correspond to the 
lattice constant of pure Ge. 

,......., 

<I 

Pseudopotential 

Ge" 
N(AIN,bGaNb) 
P(GaP, a AlP, bifiP&) 
As(GaAs,"InAs") 
Sb(GaSb,"InSb, • AISb") 

B(BN,bBpb) 
Al(AISb,"AIP,b AINbl 
Ga(GaP,"GaSb,"GaAs,"GaNb 
In(lnP, "InAs, •InSb") 

"Reference 45. 
~eference 46. 

Ge 

"' n- type 
0 p- type 
• n- type II LA 
o p- type II LA 

Ge 

"' n- type 
0 p- type 
e n· type II LA 
o p-type liLA 

~ /.\/0 
·~ 0 • / 

t ~B/0 tit: 0.55! O.o7 

/rfl> 
/ "' 0 

"' / 
/"' "' / 

v3 
-0.23 
-0.36(1) 
-0.33(2) 
-0.31(1) 
-0.30(1) 

-0.27(1) 
-0.13(5) 
-0.14(5) 
-0.16(2) 

FIG. 5. Dependence on doping concentration of critical-point 
broadening parameters of Ge: (a) increase of the mean value of 
the broadening parameters rE, and r£,+4.1 for the E, and 

E 1 +111 singularities; (b) increasing of the broadening parame­
ter (r£2) for the E 2 singularity. The symbols have the same 

meaning as in Fig. 3. The best fit to a Nr law yields 
a=0.57±0.03 for the E 1 transitions and a=0.55±0.07 for E2• 

Va Vu 

+O.ol +0.06 
-0.178(2) -0.10(1) 
+0.002(2) + 0.05(1) 
-0.002(2) + 0.04(1) 
+ 0.03(1) + 0.052(7) 

-0.08(2) -0.02(2) 
+ 0.07(2) + 0.079(7) 
+0.04(2) + 0.071(7) 
+ 0.06(1) +0.07(2) 

edges. Equations (15)-(18) of Ref. 23 are still valid for 
acceptors as well as for donors in Ge. The electrons in the 
conduction band in Si have k vectors in the [100] direc­
tions. The surface of constant energy are ellipsoids 
around the [100] directions in the parabolic-band approxi­
mation. The six valleys of Si are located in the vicinity of 
the (2?T/a0 )(0.85,0,0) point. The lowest conduction band 
of Ge is similar to that of Si, the main difference is the lo­
cation of the valleys, which for Ge are four around the L 
points of the BZ. The transverse and longitudinal masses 
of electrons in Ge and Si are well known from cyclotron­
resonance measurements. Their anisotropy is larger for 
Ge than for Si. We have listed in Table VI the effective 
masses of electrons and holes in Ge used in our calcula­
tions. 

The second-order terms can be divided roughly into two 
categories. This division becomes clear when one consid­
ers the Thomas-Fermi (TF) approximation for the dielec­
tric function. In this case Eqs. (16) and (17) of Ref. 23 
take the form 

<2l N N 
ak,n(rk,n )- (q2+qfp)2- (q2+CmdNII3)2 ' 

(3) 

where Cis a constant [C=(4X3 113)/e0, with e0 the q­
independent static dielectric function of the undoped 
semiconductor], qTF, the TF vector, and md the effective 
density-of-states mass: 

m,u(electrons)=nJ13(mLmf) 113 , 

mdh(holes)=(m/12 +m~12 )213 , 

(4a) 

(4b) 

with nv the number of ellipsoids (four in the case of Ge). 
(The values of m4 are shown in Table VI.) According to 
Eq. (3) the perturbation diagrams for which q is large 
compared with Cm4N 113 yield contributions to a propor­
tional to N, while those for which q is small yield contri­
butions proportional to N 113. 
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TABLE V. Linear coefficients dE1 I dN1 (in units of 10-24 e V em 3) of the dependence of optical gaps 
on substitutional dopant concentration calculated by first-order perturbation theory in germanium. A 
positive -dE1 /dN1 corresponds to a red shift upon doping. The limits of error correspond to calcula­
tions using pseudopotentials obtained for different III-V compounds. Eind(X) and Eind(L) represent the 
lowest gap at the X and L points, respectively. 

Eo E~ E1 

N 204(16) 3(8) 94(10) 
p 21(14) -17(2) -3(4) 
As 26(3) -10(1) 3(1) 

Sb 3(3) -10(2) -9(1) 

B 87(30) 4(5) 41(16) 
AI -53(6) 16(6) -14(6) 
Ga -32(7) 16(5) -4(7) 
In -39(5) 13(4) -10(2) 

Because of the many-valley character of the conduction 
band, md is larger for electrons than for holes, thus the 
screening should be more effective for electrons. From 
Eq. (3) one should therefore expect the effects of donors 
on the band structure of Ge to be less pronounced than 
for acceptors. 

The TF approximation for the dielectric function 
overestimates, however, the screening for q~qTp. 40 We 
have thus chosen the Lindhard approximation41 for the 
q-dependent dielectric function: 

41T l 
E(q)=EL(q)--2 V~F,.(q•), (5) 

q II 

which describes the dielectric function in the random­
phase approximation. In Eq. (5) Vis the volume, EL(q) 
the dielectric function of the pure host semiconductor, 
and F,. (q • ) is the Lindhard polarizability. The renormal­
ized q, labeled q •, is defined in Eqs. (6c) and (7c) for 
holes and electrons, respectively. 

We have to distinguish in Eq. (5) between the case of 
acceptors and donors. The first case is the easiest one to 

V ·: 
4 . 

. . . 
... 

INTRA­
BAND 

FIG. 6. Schematic representation of the shift of a band edge 
in second-order perturbation theory. Both inter- and intraband 
scattering are represented. The solid arrows show schematically 
the magnitude of both contributions and the sign of the shift 
produced by the interaction with an intermediate virtual state. 

_dE, 
dN1 

E2 E; E;nd(X) E;nd(L) 

37(11) 4(9) 34(17) 89(12) 
-14(1) -16(2) -25(2) -9(4) 
-8(1) -10(1) -16(2) -2(1) 

-14(1) -10(2) -21{2) -12(1) 

19(8) 4(5) 19(9) 40(16) 
4(10) 16(5) 15(12) -8(10) 

9(6) 15(5) 20(10) 2(7) 
2(1) 13(4) 11(3) -6(2) 

treat under the assumption of isotropic valence bands 
close to the r point. For holes, the index n in Eq. (5) 
takes the values 1 (for light holes) and h (for heavy holes). 
The following set of equations are valid for kB T <<Ep: 

3r?-N~13 
~= ' ~ 

2mdh 

(6b) 

(6c) 

(6d) 

(6e) 

where EF is the Fermi energy and [D(Ep))J <h) is the den­
sity of states at the Fermi energy. Nh is the hole density, 
whereby we assume all the impurities to be ionized. 

In the case of donors one has to consider the anisotropy 
of the conduction band, and Eq. (6) has to be substituted 
by 

3tr2N'1 13 

Ep= ' 
2m de 

(2m )3/2 
[D(E )]- de E 112 

F - 2r?-nv F ' 

• [J.t~j)qlqj ]1/2 

q,. = (2Ep)t/2 

(7a) 

(7b) 

(7c) 

where n stands for the nv different valleys in Ge (nv =4), 
Ne is the electron density, and J.tlj) the inverse effective­
mass tensor of the electrons in valley n, is defined as 

e,.(k)=J.t}tk1ki , (8) 

where e,.(k) is the unperturbed energy of an electron with 
wave vector k in band n. The other two equations (6d) 
and (6e) remain valid just changing the indices 1 and h by 
the index n of the nv different valleys. 

For the q-dependent dielectric function of the pure host 
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TABLE VI. Effective masses of electrons and holes of Ge in 
units of the free-electron mass. mL and mr are the longitudinal 
and transversal effective masses at the conduction-band minima 
(217'/a)(O.S,O.S,O.Sl. lb and bb mean light and heavy boles, 
respectively. m~~c<ltl is the effective density-of-states mass for 
electrons (boles). 

Ge 

aReference 47. 
bReference 48. 

0.55 0.36 

semiconductor we have used Penn's interpolation formu­
la,42 

<L(qi~l+ [i )'D[I+ i. [t I'D"f • (9) 
where D=l-f(E8 /EF), w;=41rNv (with Nv denoting 
the valence-electron concentration), kF is the Fermi wave 
vector, and E8 a parameter representing an average energy 
gap (the Penn gap). In the case of Ge the following values 
were used: CtJp=15.6 eV, EF=11.5 eV, kF=0.92 bohr, 
and E8 =4.2 eV. 

The rest of the equations of Sec. IV C of Ref. 23 remain 
the same and have been used to calculate the second-order 
terms of the effect of the impurities on the band structure 
ofGe. 

A. E~gap 

The E0 CP of Ge corresponds to transitions between 
the r2S' valence band and the riS conduction band. This 
is the simplest for our calculations of self-energies because 
Eq. (28a) of VC has full cubic symmetry. The results are 
shown in Table VII for n- and p-type material and for 
two different concentrations. In Fig. 4(a) are shown the 
theoretical results (solid line) for p-doped Ge as a function 
of carrier concentration together with the experimental 
shifts and their best fit to an Ni law (dashed line). The 
theory represents well the experiments within their 
scatter. The exponent a is listed in Table VIII for the ex­
perimental as well as for the theoretical results. 

B. E 1 gap 

The E 1 and E 1 + !11 CP are related to transitions along 
the A direction of the BZ between the A6 and the A4 _ 5 

valence bands to the A1 conduction band.39 For a general 

TABLE VII. Real part of the self energy and broadening of 
the E~ and E2 gaps of Ge calculated with second-order pertur­
bation theory for two doping concentrations and both n- and p­
type dopants. The point (21T/a)(0.75,0.25,0.25) was chosen as 
representative of the E2 transition. 

N1 (cm-3) AE~ (meV) A.£2 (meV) ArE2 (meV) 

n type 
sx 1018 3 2 4 
sx 1&0 so 40 90 

p type 
5X 1018 6 3 14 
sx lOW 60 50 110 

point k along A, the k sum of Eq. (15) of VC is carried 
out over the irreducible part of the BZ. A sum is then 
performed over all vectors in the star of k. Eight vectors 
of the star of k{l, l, 1) were calculated and added to ob­
tain the spectral function. 

The calculated Lorentzian-broadening parameters of 
the valence and conduction bands (VB and CB, respective­
ly) together with the total broadening along the A direc­
tion are shown in Fig. 7 for electrons and holes in Ge with 
a carrier concentration of 5 X 1 &0 em- 3• The differences 
between the band edges of Si and Ge are responsible for 
the fact that in Ge the total broadening at the r point is 
smaller than in Si (see Fig. 8 of Ref. 23) (the DOS at r 2• 

CB of Ge is much smaller than that of Si at the r 15 CB). 
The results for p-type material are qualitatively the same, 
although somewhat larger than for their n-type counter­
parts. This fact confirms our argument, based on the TF 
approximation, of a more effective screening by electrons 
than by holes. The major contribution to the broadening 
is seen to arise, as in the case of Si, from the conduction­
band states and from k points close to [ ( 1T I 4a ) ] (1, 1, 1 ) . 
For k<[(1T/2a)](l,1,1) the major contribution arises 
from the valence-band states. In Fig. 8 the shifts are 
shown also for p- and n-type Ge with a carrier concentra­
tion of 5 X 1 &0 em- 3• The total red shifts arise from a 
down shift of the conduction band and up shift of the 
valence band. The contributions of each of both bands are 
of the same order over a large region of the r-L points. 
Again, as in the case of the broadenings, the shifts are 
slightly larger in the case of p-doped Ge. 

The directly measurable quantities, the total shifts, and 
the increases of Lorentzian broadenings, for the E 1 singu­
larity, are taken to be the average of those from 

TABLE VIII. Values of a obtained from the fits of the shifts and broadenings of the different band 
gaps of Ge with doping concentration N1 to a Nr law. Experimental data for n-and p-type Ge were 
fitted simultaneously. The calculated shifts were fitted separately in the n- and the p-type case. 

Ex pt. 
0.63(4) 0.45(3) 0.61(5) 0.57(3) 0.55(7) 

Calc. 
n-type 0.61 0.45 0.57 0.61 0.46 
p-type 0.64 0.46 0.61 0.60 0.47 
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FIG. 7. Lorentzian-broadening parameter along the A direc­
tion in Ge with a carrier concentration of N = 5 X 1&0 em -J (a) 
n-type Ge, (b) p-type Ge. Dotted-dashed lines: broadening of 
states at the lowest conduction band (reel- Dashed lines: 
broadening of states at the highest valence band <r v8 l. Solid 
line: total broadening parameter (r = r VB+ r ee). 
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FIG. 9. Amplitudes of the E 1 singularity of doped germani­
um. (a) n-type Ge, (b) p-type Ge. The symbols have the same 
meaning as in Fig. 3. 
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FIG. 8. Energy shifts obtained by second-order perturbation 
theory for germanium with a carrier concentration N = 5 X 1Q2° 
along the A direction of the Brillouin zone. (a) n-type Ge, (b) 
p-type Ge. Dotted-dashed line: real part of the self-energy for 
states at the lowest conduction band (CB). Dashed line: real 
part of the self energy for states at the highest valence band 
(VB). Solid line: total second-order red shift of the band gap 
(VB+ CBl. 

k=[(1T/4a)](l,l,l) to the L point [a mesh 0.02(21T/a) 
was used]. The calculated averages for p doping are 
shown by a solid line in Figs. 4(b) and 5(a) for the shifts 
and broadenings, respectively, as a function of carrier con­
centration together with the experimental points and the 
best fit (dashed lines) to a Nf law. The theoretical results 
for n doping are slightly smaller than those of p doping. 
In Table VIII the exponents a are also listed. The agree­
ment between theory and experiment is satisfactory. 

C. E2 gap 

For the E 2 CP we have made calculations at the point 
[(21T/a)](0.75,0.25,0.25) (Ref. 39). In this case the star 
of k contains 24 points. The results for two different con­
centrations are listed in Table VII. In Figs. 4(c) and 5(b) 
are shown the theoretical results for the shifts and the 
broadenings, respectively, together with experimental 
points and the best fit with Nf. The agreement between 
theory and experiment is here reasonably good. 

V. DISCUSSION 

The previously observed blurring of the E 1 peak in Si 
has been also found in our present measurements on Ge. 
Assuming that the excitonic interaction is screened by the 
free carriers and in the contact-interaction approximation, 
we have fitted tan¢> with Eq. (30) of Ref. 23. We have 
used an average effective mass md of 0.11 forGe and ob­
tained an excitonic radius rexc=(9±1) A, the same value 
as in the case of Si (Ref. 23) and in very good agreetpent 
with the value found for the E 1 exciton of GaAs (10 A). 43 

The dependence on the impurity concentration of the 
amplitudes of the E 1 transitions for n and p doping is 
shown in Figs. 9(a) and 9(b). Within the experimental un­
certainty AE1 for p doping shows no dependence on im-
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purity concentration; however, an indication of a decrease 
of AE1 is present for n-type Ge. A possible explanation of 
this fact could be the filling of the L conduction-band 
minima, with increasing impurity concentration. This 
fact has also been observed recently in resonant Raman 
scattering20 and attributed to blocking of the interband 
transitions caused by carriers at the L point in the CB; 
however, effects due to poor annealing of the samples can­
not be discarded as a possible cause of this decrease.20 

We have fitted the shifts and broadenings of Figs. 4 and 
5 with the function CNf ( C equals constant) and find 
values of a close to 0.5. The first-order perturbation 
shifts given in Table V are negligible except for N; > Io21 

cm-3• We find no experimental evidence for these linear 
shifts and therefore neglect them. The predictions of the 
second-order perturbation calculation are in good agree­
ment with the experimental results. 

In our calculations, many-body effects have been 
neglected. These effects, where exchange as well as corre­
lation play a dominant role, are responsible for the shrink­
age of the lowest band edges, and have been profusely 
studied in the literature.49- 52 In the case of the higher 
edges studied in the present work, the exchange plays only 
a small role, due to the fact that the carriers are located in 
a region of k different from the region where the electron­
ic interband transitions take place. On the other hand, 
correlation terms, which are known to dominate the fun­
damental band-gap shrinkage, 51 could give important con­
tributions to the shifts of the higher band edges. 

Finally, we would like to mention that the first-order 

•Present address: IBM Thomas J. Watson Research Center, 
Yorktown Heights, P.O. Box 218, NY 10598. Permanent ad­
dress: Instituto de Ciencia de Materiales del Consejo Superior 
de Investigaciones Cientificas, Universidad de Zaragoza E-
50009 Zaragoza, Spain. 
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