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Dielectric function of a-Sn and its temperature dependence 
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The real and imaginary parts of the dielectric function of a-Sn in the (1.2-5.6)-eV photon-energy 
region have been measured at temperatures between 100 and 350 K. Numerically obtained second 
derivatives of these spectra show distinct structures attributed to Eh E 1 +At. E~, E~ +A~, E 2, Ei, 
EJ. +A!, and E 3 interband critical points. The line shapes of these structures have been fitted to 
standard theoretical expressions for various types of critical points. The temperature dependence of 
the critical-point parameters so obtained is presented. The results are compared with other available 
data and with theoretical calculations based on the band structure of a-Sn. Data are also presented 
for the {3-Sn obtained after heating a-Sn to temperatures above 70 ·c . 

I. INTRODUCTION 

As shown in the preceding paper,1 ellipsometry2 is an 
excellent method for obtaining the dielectric function of 
semiconductors versus temperature iu the visible, near-ir, 
and near-uv regions. The quality of the data allows 
several differentiations as a function of photon frequency. 
From the so-obtained derivative spectra, interband critical 
points appear clearly. They can be fitted to standard 
theoretical line shapes. From these fits the various 
critical-point (CP) parameters (strengths, Lorentzian 
broadenings, critical energies, and phase shifts) and their 
temperature dependence can be accurately obtained. 

Gray tin (a-Sn) is a zero-gap semiconductor with dia
mond structure whose band structure is similar to that of 
InSb (see Fig. 1 of Ref. 1).3•4 The basic differences be
tween the two materials concern the lack of inversion 
symmetry in InSb (zinc-blende structure) and the zero gap 
of gray tin due to the reversal of the order of the 5s anti
bonding states and the 5 p bonding states at the r point of 
the Brillouin zone (BZ), which was discovered by Groves 
and Paul. 5 Experimental work on this interesting material 
has been hampered by the difficultieS in preparing single 
crystals, due to its transformation into metallic [3-Sn at a 
temperature of 13 oc (in· the bulk).6 Early experiments 
were performed on lumpy polycrystalline samples ob
tained by transforming /3-Sn at temperatures below 
13 °C.7•

8 The growth of single crystals by Ewald and Tufte 
from mercury solution9 made optical measurements such 
as ir reflectivity by reflection techni~ues on growth sur
faces possible. Lindquist and Ewald obtained, from ir
reflection measurements, a gap of 0.085 eV, which is now 
believed to be due to transitions from the r 25' valence 
band to the L l conduction-band minimum. 3•4 Cardona 
and Greenaway 0 found, by means of reflectivity measure
ments in the (1-6)-eV region, the energies of the E r. 
E 1 +At. E 0, E 2 , and Ei interband critical points. The 
measured E 1 and E 1 +A1 ener~ies (1.3 and 1.8 eV) agreed 
with predictions by Phillips. 1 Other optical measure
ments on samples grown from the solution followed (re
flectivity at oblique incidence, 12• 13 electroreflectance, l2, 14 

resonant Raman scattering15). These results showed some 

. discrepancies with each other and with theoretical calcula
tions of the dielectric function,3

•
4•13

•
16 especially concern

ing the height of the E 2 peak in the reflection spectrum. 
The influence of the poor quality of the crystals on these 
measurements, with Hg occlusions and an unknown 
amount of dissolved Hg, remained an open question. 17 

Agreement between measured and calculat
ed)·4·10-14•16•18-25 critical-point energies is, however, gen
erally good. 

A new method of growing high-quality a-Sn films has 
been reported recently:26 films of a-Sn up to a thickness 
of 0.5 J.Lm were prepared with the molecular-beam-epitaxy 
technique at room temperature (RT). These films showed 
a much higher transformation temperature (about 70°C) 
than the crystals grown from Hg solution. This tempera
ture depends on the surface orientation and the film thick
ness, decreasing with increasing thickness.27 These films 
are much flatter and have larger areas than the surfaces of 
samples grown from the mercury solution.9 Thus they are 
particularly suitable for ellipsometric measurements. 
They also have been used to determine the dispersion rela
tions of the valence bands by means of angle-resolved 
photoemission. 28 

In this paper we report ellipsometric measurements of 
the dielectric function of a-Sn prepared on InSb by the 
molecular-beam-epitaxy technique.26 The measurements 
were performed at several temperatures between 100 and 
350 K. Special emphasis was placed on the investigation 
of the parameters of the observed critical points as a func
tion of temperature. Data were also obtained for films 
transformed into metallic [3-Sn after heating to 90 oc. 

In the following section we will give a short description 
of the sample preparation and experimental arrangement 
of the ellipsometer. In Sec. III we present the experimen
tal data. A discussion, comparison with band-structure 
calculation!!, and the results of earlier experiments are 
given in Sec. IV. 

II. EXPERIMENTAL DETAILS 

The a-Sn sample was a 950-A-thick fllm grown on a 
7X7-mm2 (001)-oriented InSb surface using the 

31 958 @ 1985 The American Physical Society 



31 DIELECTRIC FUNCTION OF a-Sn AND ITS TEMPERATURE ... 959 

molecular-beam-epitaxy techni9.ue of Farrow et al. 26 The 
growth, at a typical rate of 2 As- 1 and monitored by re·· 
flection high-energy electron diffraction (RHEED), took 
place under ultrahigh-vacuum conditions ( 3 X 1 o-10 

Torr). The cleaness of the film was monitored by photo·· 
emission spectroscopy,28 and there was no indication of 
surface oxidation. Further details of sample preparation 
can be found in Refs. 28 and 29. To avoid surface con
tamination, the a-Sn sample was transferred inside a 
glove bag in an Ar atmosphere into an ultrahigh-vacuum 
Dewar. The sample was mounted on the cold finger of a 
liquid-nitrogen cryostat. The temperature was regulated 
by means of a resistance heater inside a copper holder. 
Temperature stability was typically ± 1 K. 

Measurements were taken with an automatic rotating
analyzer ellipsometer. A tungsten quartz-iodine lamp was 
used in the ( 1.2-2.3)-eV range; a 75-W short-arc Xe lamp 
was used for photon energies above 1.8 eV. The light was 
dispersed by a {--m Spex single monochromator, and po
larized and analyzed with Rochon-quartz prisms. Pho
tomultipliers with 820 and S 1 responses were used in 
combination with the tungsten and Xe lamps, respective
ly. All measurements were performed at an angle of in
cidence of 67S. Further details concerning the experi·· 
mental arrangement can be found in Ref. 30. 

III. RESULTS 

The complex dielectric function ( €) was obtained from 
the measured ellipsometric angles ('II and a). The high
vacuum conditions of sample preparation and measure
ment allow us to use a simple two-phase mode131 to evalu
ate € from the complex reflectance ratio. Figure 1 shows 
the real (€1) and imaginary (€2 ) parts of € between 1.2 and 
5.6 eV at two selected temperatures. Data collected with 
both multipliers are matched smoothly in the region of 
overlap. A 1 O-rne V mesh was used for all temperatures. 
The structures E 17 E0, E2 , El., and E 3 shift to lower en
ergies and broaden with increasing T. To obtain the 
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FIG. 1. Real (E1) and imaginary (£2) parts of the dielectric 
function of an a-Sn(OOl) film on InSb at 100 and 296 K. 

critical-point parameters and resolve the fine structure, we 
calculate numerically32 the second-derivative spectra 
(d 2e/dm2

) of the complex dielectric function from our el
lipsometric data. The experimental d 2e 1/dm2 (dots) is 
displayed in Fig. 2, together with the corresponding fits to 
critical-point line shapes for the real and imaginary parts 
of the different gaps. Only structure that appeared con
sistently at different T 's is labeled in this figure. The 
vertical scale in the regions between E 1 +a1 and E 2 and 
above the E2 CP is enlarged by a factor of 20. A least
squares procedure, with both d 2erfdm2 and d 2e2/dm 2 fit
ted simultaneously, was used for fits. Two-dimensional 
(2D) CP line shapes were employed for the EI> E 1 +at> 

_ Ez, Ei, and Ei +ai singularities. Excitonic effects were 
taken into account, allowing for a mixture of two CP's;33 

the mixture of a 2D minimum and a saddle point can be 
written as34•35 

(1) 

where E is the CP energy, m is the photon energy, r is the.·. 
broadening parameter, and cp is a phase angle giving the 
amount of mixture (cp =0 represents a pure minimum and 
cp='TT/2 represents a saddle point). 

In the case of 3D CP's, the dielectric function can be 
approximated by34•35 

(2) 

An M 0 CP corresponds to cp=O, an M 1 CP to cp=,'TT/2. 
Equation (2) was used to fit the E 0, E 0 +a0, a~-a6, and 
E 3 transitions. . 

The Eo and E 0 +a0 structure were fitted simultane
ously: the spin-orbit (SO) splitting (aQ) of 0.3 eV ob
tained at 100 K was kept fixed in the fit at higher tem
peratures. The same procedure was used for Ei and 
Ei +ai with a} =228 meV. The a~-a6 structure was 
fitted, together with E 0 +a0, keeping the parameters ob
tained previously for E 0 + a0 fixed. 

2 3 
E(eV) 

«-Sn (001} 
- d2e:l/dw2 
--- d2e:2/dw2 

1~2ol 

5 6 

FIG. 2. Experimental second derivatives with respect to the 
photon energy of the real part of the dielectric function 
(d 2Eddw2

) of a-Sn at 100 K (dots}. Lines correspond to the 
best fits to the real and imaginary parts with different types of 

_ critical points, as explained in the text. The regions correspond
ing to the Eo transitions and above the E 2 CP are enlarged by a 
factor of 20. Because of its uncertainty, we have put a qu~stion 
mark on the a~-.6.~ assignment of the structure at 3.0 eV. 
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TABLE I. Values of the parameters obtained by fitting the critical-point energy (E) vs temperature ( T) to the equations 
E(T )=E(O)-aT2 /(/3+ T ), E(T )=EB -aB[1 +2/(e91T -1 ), and E(T )=EL -yT. Values in parenthesis indicate 95% reliability 
of the fits. The assignment of the a;-a~(?) structure is uncertain. 

Et 

E1 +At 

E~ 

E~+~ 

.6.~-.6.~(?) 

E1 

E; 
Ei +Ai 
E3 

•Reference 14. 

E(O) 
(eV) 

1.38(1) 

1.853(5) 

3.748(8) 

2.0 

1.5 

100 

a 
(10-'4 eVK- 1 ) 

6(2) 

7(4) 

7(2) 
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T(K) 
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-·o-·-·-.,. a-Sn (001) 

(b) -·-·-£·-
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FIG. 3. Dependence on temperature of the critical-point en
ergies of a-Sn. Solid lines represent the best fit of the data to 
Eq. (3), dashed lines, to Eq. (4), and dotted-dashed lines, to Eq. 
(5). 

EB aB 0 EL r 
(eV) (eV) (K) (eV) (10-4 eVK- 1) 

1.44(4) 0.09(4) 340(90) 1.405(6) 4.6(3) 
5.4(6)" 

1.97(4) 0.13(4) 390(80) 1.894(7) 4.9(3) 
4.2(6)" 

2.51(2) 4.5(9) 
1.5(5)• 

2.81(2) 4.5(9) 
±2· 

3.02(2) 5.(1) 
3.82(3) 0.08(3) . 310(90) 3.780(5) 5.1(2) 

3.5(6)" 
4.39(4) 6.(2) 
4.62(4) 6.(2) 
5.3(2) 8.(3) 

The critical energies of the analyzed structures are plot
ted in Figs. 3(a) and 3(b) versus T. In Table I we have 
listed the fit parameters of Varshni's empirical formula/6 

E(T )=E(O)- aT
2 

, 
T +/3 (3) 

and those for an expression proportional to Bose-Einstein 
statistical factors, 30 

E(T)=E0 -a0 [1+ 61; ] , (4) 
e -1 

as well as the coefficients of a linear fit, 

E(T )=EL -yT. (5) 

The uncertainties in parenthesis in Table I represent 95% 
reliability. 

150 

r(meV} 

100 

r(meV) 

200 
T(K) 

300 

FIG. 4. Dependence on temperature of the critical-point 
broadening parameters of a-Sn. Solid lines represent the best fit 
to an expression similar to Eq. (4), and dashed lines represent 
the best linear fit. 
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TABLE II. Values of the parameters obtained by fitting the 
Lorentzian broadenings vs temperature to the equations 
r(T)=r1+ro[l+2/(e01r-1)] and r=rL+yT. The tem
perature 0 was forced to be. the same as in Table I. Values in 
parenthesis represent 95% reliability of the fits. 

rL y rl ro @ 
(meV) oo-4 evK-1 ) (meV) (meV) (K) 

E, 28(4) 1.7(2) 5(7) 40(5) 350 
E1+A1 28(4) 2.0(2) -2(3) 51(2) 390 

E~ 64(9) 2.7(4-) 

E2 58(4) 2.7(2) 31(3) 53(2) 310 
E~ 42(14) 2.6(8) 

The Lorentzian broadening parameter r for the E1, 
E 1 +~t> E 2, Ej, and E 0 CP's are displayed in Fig. 4 as a 
function of T. The coefficients of the fits to an expres
sion similar to Eq. (4) and a linear expression are 
represented in Table II. The broadenings of the Eo +AO 
and Ei +Ai CP's are, within the experimental error, 
equal to those of their spin-orbit-split partners. The error 
bars for r(E3 ) and r(~~-~~) .are too large to allow us to 
obtain their temperature dependence. , 

The phase angles if> representmg the mixture of contigu
ous CP's are plotted in Fig. 5 versus T for the E1 +A, 
and E 2 transitions; the values of t for the E 2 CP of Ge 
obtained in recent measurements3 are also displayed for 
comparison. For 1i /2 < ¢ < 1i, as found from our fit, Eg. 
(1) represents a mixture of a 2D saddle point with a max_:
imum. 

The optical constants of the white-tin film obtained 
after the phase transition produced by heating to 90 oc are 
shown in Fig. 6. They display the Drude behavior typical 
of metals. 
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FIG. 5. Dependence on temperature of the excitonic parame
ter t/J defined in Eq. (I) for the E 1 +A1 and E 2 CP's of a-Sn and 
for the E2 CP of Ge (dots). 
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FIG. 6. Pseudodielectric function of the /3-Sn film obtained 
upon transforming a-Sn films by heating to 90 oc measured at 
RT (solid lines). The dashed lines represent the best fit of the 
data to Eq. (12). 

IV. DISCUSSION 

A. General 

Some comments about the sample conditions are war
ranted. The carrier concentrations of similarly grown 
samples have been shown to be lower than 4X 1019 

cm-3
•
26 Doping below this level has a negligible influ

ence on the transitions studied in this work. 37 The pres- · 
ence of microcrystallites or amorphous a-Sn is also ruled 
out from the measurements of Ref. 27: This would lead, 
for example, to asymmetric broadening38 of the Raman 
line, which has not been observed.27 Angle-resolved
photoemission experiments28 indicate that no /3-Sn regions 
are present in the (001) films below the transition tem
perature. The lattice constants of a-Sn and InSb are30 

6.4892 and 6.479 37 A, respectively; as a result of this lat
tice mismatch, at the interface the a-Sn film is laterally 
compressed, and therefore an elastic dilation along [001] 
results. The hydrostatic part of this strain should cause a 
blue shift of the energy gaps,40 and the nniaxial one leads 
to a splitting of the energy levels. The last term is usually 
small and can be neglected. We have estimated the form
er for the E 1 and E 2 CP's using the pressure coefficients 
of these gaps for InSb {Ref. 39) (those of a-Sn are not 
available): blue shifts of 14 and 9 meV are obtained with 
respect to bulk unstrained a-Sn, respectively. These 
differences should remain nearly constant or slightly de
crease with increasing T due to the comparable linear 
thermal-expansion coefficients of a-Sn and InSb 
(4. 7X 10-6 and 5.37X 10-6 K-1, respectively39 ). 

In Figs. 7(a) and 7(b) the normal-incidence reflectivity 
spectrum obtained from the measured dielectric function 
at RT [R =I (€

112
-0/(€112+ 1) 12 ] is presented and 

compared with earlier experimental work and theoretical 
calculations. Although the agreement in the peak posi
tions in Fig. 7(a) is remarkably good, larger differences 
are seen in the absolute values of the reflectivity. This 
fact is probably due to different sample characteristics 
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FIG. 7. (a) Normal reflectivity (R) spectrum of a-Sn at RT 
from the present work and Refs. 12 and 13. Note the differ
ences in the reflectivity values. (b) Comparison of the present 
data with calculated reflectivity spectra (Refs. 3 and 4). 

· ·a.nd mainly to surface conditions. Typically, the magni
tude of the E 2 structure and the ratio of the E 1 +a1 to 
E 1 peaks decrease if oxides or adsorbed layers are 
present.'n In view of the precautions taken to keep the 
surface clean, and the good agreement with theory (Fig. 
7), we believe that the present measurements yield the 
most reliable optical constants obtained so far for a-Sn. 
In Table III we list the CP energies of the main structures 
in the optical spectra of a-Sn above the fundamental gap 
taken from the literature, together with the present data. 
While the best agreement in absolute values of reflectivity 
with theory is found for the first-principles relativistic 
orthogonalized-plane-wave calculations of Ref. 3 [Fig. 
7(b)], the theoretical critical energies differ in this case by 
as much as 300 meV from the measured ones. The nonlo
cal empirical pseudopotential calculations of Ref. 4 obtain 

· CP energies in much better agreement with the present 
data. 

A notable difference between the optical constants of 
gray Sn and the other two group-IV semiconductors is the 
magnitude of the E 2 peak in c2 compared with that of the 
E I and E 1 +a I CP's, which is much higher in the case of 
Si (Ref. 37) and Ge (Ref. 30) than for a-Sn (see Fig. 1). 
This observation has also been made in Ref. 12, although 
in this case the E 2 peak is likely to be lowered by surface 
contamination. We feel that in our case this effect is not 
due to contamination, but is derived directly from a shift 
of oscillator strength to lower energies with increasing 
atomic number. An estimate of the ratio between c2(E2 ) 

of Ge and gray tin can be made from the sum rule:42 

neff(WM} 2m J.OJM , ( ')d , 
_2 2 Ci) €2 Ci) Ci) 

411e Nat 0 

2m 
• 2 2 f(tuM) ' 
<t'lle Nat 

(6) 

TABLE III. Critical-point energies (eV) of interband transitions in gray tin. The corresponding temperatures are given in the foot-
notes. 

E, E!+.:l! E~ 

1.28(2)• 1. 76(2)a 
1.25b 1.80b 2.25b 
1.25c 1.65c 2.25c 
1.365(2)d 1.845(4)d 2.28d 
1.316(5)e 1.798(6)0 2.42(3)0 

1.1(1 1.55f 1.96' 
1.378 1.458 2.68S 
1.33h 1.99h 2.05h 
1.34i 1.83i 2.08; 

•Reference 10 at 200 K. 
&From reflectance in Ref. 13 at 278 K. 
cprom E in Ref. 13 at 278 K. 
dReference 14 at 205 K. 
"This work at 200 K. 
fReference 3. 
'Reference 13. 
hReference 25. 
;Reference 4. 

E~+Ll~ 

2.63d 
2.72(3)0 

2.45' 
2.72& 
2.75h 
2.66i 

A7-.:l~(?) E2 E; E;+a; E~ +A; +Ll1 E1 

Experiment 
3.66(2)& 

3.02C 
3.7l8(2)d 4.lld 4.39d 4.89d 

2.94(3)• 3.681(4)0 4.28(4)• 4.51(4)e 5.15(5)0 

Theory 
2.7r 3.35f 4.2r 4.4f 4.8f 5.4r 
2.94g 

3.77h 4.14h 4.51h 5.17h 
2.9li 3.78i 4.68; 
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where Nat is the atom density and m(e) is the electron 
mass (charge); the integral 

!(roM)= J:Mro'£2(ro')dro' (7) 

is inversely proportional to the atomic volume (Vat). Us·· 
ing in Eqs. (6) and (7) the approximation I ,....;ro(E2 )£2(E2 ), 
a ratio 

[€2(E2)]Ge = [ro(E2)Vada-Sn =1.
3 

[c2(E2)]a.sn [ro(E2Wat1Ge 
(8) 

is obtained. The experimental value of 1.4 for this ratio is 
in very good agreement with that predicted in Eq. (8). 

B. E 1 transitions 

The first doublet seen in Fig. 1 below 2 eV corresponds 
to the structures labeled Et and Et +At· Band-structure 
calculations localize the transitions responsible for thes~ 
structures at the L point,4 or in a region between the point 
k=(1T/3a)(l,l,l) and the L point,3 from the upper 
valence (A45 ) to the lowest conduction bands (A6) (Et), 
and from tbe A6 valence band to the same conduction 
band (E"t +A1). A 3D M 0 critical point at Land an M 1 
critical point at (1T/24a)(l,l,l), with the M 0 CP slightly 
lower in energy, have also been associated with these tran
sitions.13 The observed line shape is compatible with ei
ther a 3D M 1 CP or a 2D minimum. The differences be
tween the description of these critical points with either 
3D or 2D line shapes has been discussed in detail in Ref. 
30. We believe that 2D critical points provide, at present, 
the most reasonable and internally consistent representa
tion of these transitions. 

The second derivatives of the E 1 and E 1 +A, struc
tures were fitted simultaneously, allowing for excitonic ef
fects with a mixture of a 2D minimum and a saddle point 
[Eq. (1)]. The best fit of d 2c!dro2, together with the ex
perimental data for the real part of the dielectric function 
at 100 K are shown in Fig. 2. The CP energy of theE, 
transitio~ found in the present work (see Table III) is -50 
meV higher than the values obtained with reflectance, 10

' 
13 

. 

and the same amount lower than the electroreflectance re
sults.t4 Taking into account the influence of the InSb 
substrate (see Sec. N A) brings the discrepancy to -40 
me V with the former results and -60 me V with the latter 
results. Line-shape effects are known to be responsible for 
the discrepancies between peaks in ARIR and in Act and 
A£2 );

30
•43 therefore, we believe that our complete ~ne

shape analysis of the CP's should give the most rehable 
results. Except for Ref. 3, theoretical values of the E1 
and Et +At energies are only slightly higher (-20 meV) 
than the present results. The SO splitting A, =482±6 
meV found in our study agrees reasonably well with previ
ous experimental values and rather well with theoretical 
values, with the exception of the self-consistent nonlocal 
pseudopotential calculations of Ref. 25 (see Table IV). 
This SO splitting remains constant at all temperatures 
with an uncertainty no larger than the experimental error 
(±6meV). 

The broadening parameters of E t and E 1 +a 1 are 
shown in the lower part of Fig. 4 versus T. The dotted-

TABLE IV. Spin-orbit splittings (in meV) at different points 
of the BZ in gray tin. 

475(30)3 
550b 
4QOC 

520d 
482(6)e 

48d' 
660i 
480i 

"Reference 10. 
bReference 13 (from R). 
cReference 13 (from E). 

dReference 14. 
"This work. 
fReference 3. 

Experiment 

35Qd 280d 
300(30)• 228(40)• 

Theory 
480f 210f 
54QS 
430h 190h 
700i 370i 
580i 290J 

so. G. Wepfer, T. C. Collins, and R.N. Euwema, Phys. Rev. B 
4, 1296 (1971). 
bReference 21. 
;Reference 25. 
iReference 4. 

dashed lines correspond to the bes\ linear fit, and the solid. 
llines correspond to an equation similar to Eq. (4) where 0 
has been forced to have the same values as for the fit to 
the corresponding CP energies. The parameters of the fits 
are listed in Table II. Our values at 100 K, r(E1)=45±4 
meV and r(E 1 +A1)=52±7 meV, are comparable to 
those found for Ge,30 41±3 and 55±7 meV. As in many 
other zinc-blende materials,44 the E 1 +A1 structure is 
slightly broader than the E 1 structure. 

The8e structures are known to be strongly affected by 
excitonic effects, i.e., electron-hole Coulomb interaction.45 

These effects can be described as the interference of a 
discrete two-dimensional exciton with a quasicontinuous 
background.46 A qualitative description can also be ef
fected by multiplying the one-electron E by a phase factor, 
as in Eqs. (1) and (2). The phase angle t/J, plotted in Fig. 5 
for the E 1 +A1 CP, decreases rapidly with increasing T, 
indicating a decrease of excitonic effects as T is raisen. 
The value of ,P=98o found at 100 K formally corresponds 
to a slight mixture of a 2D maximum with a saddle point. 
This angle increases through the sequence Si, Ge, a-Sn, 
InSb.l,30,37 

The amplitudes of 2D CP's can be calculated within the 
one-electron model of Ref. 47: 

Et +A,/3 
AE =44 2 ' 

I aoE! 
(9a) 

(9b) 
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where a0 is the lattice constant in A, and the energies are 
in eV. Using the lattice constant of Ref. 39 and the exper
imental energies of our present work at 100 K, Eqs. (9) 
predict AE

1 
=5.6 and AE

1
+a

1
=3.4, with a ratio 

AE I AE +I!. = 1.6. Experimentally, AE =7.1 and 
I 1 1 1 

AE
1
+a

1
=2.5 are found at 100 K. The agreement is 

reasonable in view of the crudeness of the theory used. 
Discrepancies are believed to be due to linear terms in 
k, 48•49 which increase the transverse mass for the E 1 gap 
and decrease it for the E1 +A1 gap, and to an excitonic 
interaction which increases the amplitude of the E 1 struc
ture compared with one-electron calculations. 50 The first 
contribution is expected to be small in the case of gray tin 
because of its large SO splitting A1; the latter seems to 
dominate, as confirmed by the fact that the ratio 
AE/AE

1
+!!.

1 
decreases from a value of 2.8 at 100 K to 2 

at 300 K, where excitonic effects have diminished. 
The solid lines of Fig. 3(a) correspond to the best fit to 

Eq. (3).36 The parameters of the fit are listed in Table I. 
f3 should be close to the Debye temperature ( 8 D). 

36 Thus, 
f3 is found to decrease through the sequence Ge, a-Sn, 
InSb, 1·30 following the values of 8 D· 

39 An equally good 
fit can also be obtained with Eq. (4), which takes into ac
count average statistical factors for absorption and emis
sion of phonons. A similar expression has been used for 
the fundamental gaps of diamond, silicon, and germani
um.51 Best fits are shown in Fig. 3(a) as dashed lines; fit 
parameters are listed in Table I. Both fits are equally 
good; the differences begin at temperatures lower than our 
experimental ones. Measurements at liquid-He tempera
tures should decide which of the models yields the best 
description. The dotted-dashed lines represent a linear fit, 
and the linear coefficients (Table I) agree within error 
with those of Ref. 14. 

C. E~ transitions 

Eo transitions are believed to take place at the r point, 
or in the A direction near the r point3

•
4

•
43 between the 

r 25' valence bands and the r 15 conduction bands. Four 
structures are expected for these transitions: E 0(r8-r6 ), 

Eo +AO<rs-rs), Eo +Ao(r7-r6), and E 0+Ao 
+Ao<r7-rs>. with A0 (aQ) the SO splitting of the 
valence (conduction) band at r. The corresponding criti
cal points have a 3D M 0 character.4 The E 0 +Ao transi
tions are symmetry forbidden. 

The dielectric function for a 3D CP can be approxi-
mately described by47 · 

where Jl is the reduced effective mass of the transitions 
and n is the corresponding matrix element of p. The ef
fective masses of the valence r 25• bands and the conduc
tion rl5 bands can be obtained from25 

2m* E _,ak 2 ±[b2k 4+c2(k1k}'+k}'k}+k}k1)]112, (lla) 

fl - a'k 2-A , (llb) 

where A=Ao for the valence bands and A0 for the con
duction bands. The parameters a, b, c 2, and a' can be 
calculated from the experimental energy gaps and the ma
trix elements of p between r 15 and r 1> r 25' for the con
duction band, and r 25' and r 2'> r IS> r 12' for the valence 
band.3

•
53

•
54 Using the matrix elements of Ref. 3, we cal

culate, for the strength A of the CP's, AE' =3.51, 
0 

AEo+AO =1.94, AEo+b.a=O, and AEo+b.a+AO =0.3. 

We have been able to resolve the E 0 and E 0 +Ao CP's; 
the E0 +Ao+Ao CP should be very close to E 2 , and thus 
too weak to be observed. Line-shape analysis with 3D 
CP's [see Eq. (2)} yields the following amplitudes, 
A Eo =4.27 and A Eo +AQ = 3, in qualitative agreement with 

the above predictions. Contributions of transitions slight
ly away from the r point could be responsible for the 
enhancement of the E 0 + A0 structure. Our CP energies 
are about 0.2 eV larger for E 0 than in previous work (see 
Table III). E 0 +Ao is also 90 meV larger than the elec
troreflectance result. 14 Our A0=300±30 meV is in good 
agreement with electroreflectance14 and smaller than all 
theoretical values. 

We have assumed A0 to be T independent and have 
used the value obtained at 100 K as a fixed parameter 
while E 0 and E 0 +A0 were fitted simultaneously. The 
best fit at 100 K is seen in Fig. 2. Owing to the large 
scattering in the data, attempts to fit temperature depen
dences to Eqs. (3) and (4) give parameters without physi
cal meaning. Therefore only a linear fit was performed 
[Fig. 3(a)]. The T-linear coefficients are reported in Table 
L The average linear coefficient of E0 and E0 +Ao is 
found to be comparable to that of the E 1 transitions, but 
is a factor of 3 larger than that found from electroreflec
tance;14 it is also larger than that in the case of Ge.30 The 
temperature dependence of the broadening parameter is 
shown in the upper part of Fig. 4 for E 0. The results are 
similar for the Eo +AO CP. The large scatter in the data 
allows us to obtain only its linear coefficient (Fig. 4 and 
Table II), which is somewhat larger than for the E 1 tran
sitions. 

D. E1 transition 

The E 2 transition has the contributions of several criti
cal points. It has been associated with X 4-X1 transi-
t . 10 • • be Ions, transitions tween the upper valence and lower 
conduction bands in an extended region near U in the 
XUK plane,3•

13 and also with a plateau in the transition 
energy near (21T/a)(0.75, 0.25, 0.25).4 The best fit to this 
structure was obtained via a mixture of a 2D maximum 
and a saddle point; this representatio~ also yields the best 
fit in the case of Ge. 30 The best fit for a-Sn can be seen in 
Fig. 2. ,In Fig. 5 we have displayed the phase angle¢ [Eq. 
(1)] versus T, together with that of Ge. These ¢-vs- T 
plots show a similar behavior, decreasing with increasing 
T, as for the E 1 transitions. This could indicate that ex
citonic effects are also important for E 2 , although dif
ferent temperature shifts of electronic states contributing 
to this transition cannot be ruled out as the cause of this 
dependence. The CP energies and broadening parameters 
versus T are shown in Figs. 3(b) and 4. The lines 
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represent the best fits with Eqs. (3)-(5). The fit parame
ters are listed in Tables I and II. For the energy shift they 
are similar to those of the lower transitions. The effect of 
T on the broadening is comparable to that of E 0, but 
larger than that for the E 1 transitions, as in the case of 
Ge.30 The CP energies at 200 K compare well with previ
ous experimental and theoretical work (see Table III). 

E. Ej transitions 

The next structure above the E 2 CP is believed to corre
spond to transitions between the L 3 valence- and L 3 
conduction-band doublets. Four structures, labeled 
Ei (Li;s---+L6 }, Ei +ili(Li;s-)-L4,s ), E\ +ilt<Lt 
---+L6), and EJ. +Ai<Lt -+L4,5 ), should be observed; 
6.1(6-J.) is the SO splitting of the L 3 (L 3) band. If these 
transitions take place at the L point, the E! and 
Ei +6-i +6.1 structures should be the larger ones, because 
they are determined. by p 1 matrix elements, while the 
Ei +6.'1 and the Ei +6.1 structures are determined by Pz 
matrix elements (the z are the ! 111} directions, and l 
means perpendicular to z). In the case of Ge (see Fig. 15 
of Ref. 54), the former should be an order of magnitude 
larger than the latter. Full band-structure calculations3 

show, however, two doublets_in the (4-5)-eV region: the 
intensity of the first doublet is almost twice as large as the 
second. This, fact is in agreement with our experiments, 
although we only have been able· to resolve the first doub
let. Owing to its energy separation, we have assigned it to 
the Ei and Ej +AI transitions. A possible explanation 
for the discrepancy between experiment and the simple 
two-band model can be the effect of the k-linear coupling 
on these transitions, as discussed for GaAs in Ref. 49. 
Critical points could appear in directions perpendicular to 
the [111] symmetry axis close to the L point (Fig. 1 of_ 
Ref. 49) (also see the discussion in Sec. IV F). ~ 

We have analyzed these structures with 2D line shapes. 
The SO splitting aj =228±40 meV found at 100 K was 
kept constant for the rest of the fits. The CP energies and 
broadening parameters are shown versus T in Figs. 3(b) 
and 4. The broadening parameter of the Ej +6-i struc
ture is, within experimental error, equal to that of the E'1 
structure. The linear coefficients of the CP energies are 
slightly larger than those of. the lower transitions (see 
Table 1). That of r is, within experimental accuracy, 
comparable to those of the other transitions. The value of 
D.i quoted in Table IV should be taken with care due to 
the fact that these transitions could correspond to points 
lying away from the { 111} directions.49 

F. Other transitions 

Two more structures are still seen in Fig. 2. The small 
one above the Eo +..6..0 transition at 2.94 eV may con:e
spond to transitions between the second valence band and 
the lowest conduction band in the [100] direction. There
fore we have labeled it A~-A6. It has been theoretically 
predicted.4 However, it has not seen experimentally be
fore. We have been able to resolve it up to 180 K. We 
have fitted it together with the E 0 +.6.0 structure, keeping 
the parameters obtained before for this CP fixed. Its T 
dependence is shown in Fig. 3(a). The parameters of the 

linear fit, comparable to those of E 2, are listed in Table I. 
We have labeled the highest transition seen in Fig. 2, at 

about 5.2 eV, E 3, as it corresponds, within 0.2 eV, to the 
theoretically predicted E 3 structure (transitions in the 
rXUK plane between the upper valence and the third con-

-duction bands). 16 We did not assign it to the 
Ei +6-J. +At structure because it would lead to a 6. 1 value 
too large compared to that obtained from the E 1 and 
Et +Ar CP's. However, if the k-linear terms are impor
tant, this last possibility should not be disregarded, due to 
the increase of apparent SO splitting in directions perpen
dicular to [ Ill}. 49 Its linear coefficient, larger than that 
for the other structures but comparable within error, is 

. listed in Table I. The E 3 energies are plotted in Fig. 3(b) 
versus T. This is also the first time that this structure has 
been resolved. 

G. Whitetin 

The optical constants of evaporated white-tin films 
have been measured by near-normal-incidence reflec
tance55 in the energy region from 2.1 to 14.5 eV, and the 
refraction index from 14.5 to 20.5 eV, by the critical-angle 
method.55 Several authors have also measured the optical 
constants in the infrared region.56

- 58 Band-structure cal
culations are also available in''the literature. 59 

In Fig. 6 we presented the optical constants. of the tin 
film measured at RT after the phase transition took place 
at ~90oC; this transition temperature agrees well with 
Raman studies.2? The phase transition could be monitored 
by measuring E at the E 2 energy; it produced a large 
change at this energy (see Figs. 1 and 6). The E's stabi
lized about 15 min after the transition. We thus assumed 
that the transformation was complete. The sample was 
taken to RT and the E spectra were measured. The optical 
constants of the /3-Sn f'llm may be influenced by the fact 
that microcracks, due to the increased density of /3-Sn, 
and a rough surface, are formed after the transforma
tion.26 However, a reasonably good agreement is found 
with the data of Ref. 55. We have fitted our results with 
a Drude expression, 42 

al 
r=(w)= 1- P (12) 

w(w+ih) 
We obtained, from the fit, wp=12±0.1 eV and 

r=(4.1±0.5)X w-Is s. The fitted curves are plotted as 
dashed lines in Fig. 6. The deviations between the fit and 
experimental data are due to interband transitions55 at 
about 1.2 eV, unfortunately outside our energy range. 
Nevertheless, the it is quite good. The energy-independent 
relaxation time compares well with the value 
T=4.2X 10-15 s of Ref. 55. The plasma frequency is 
high compared with the value, 8.16 eV, obtained from op
tical data in the far-infrared region (0-0.1 eV).55 An ef
fective number of electrons, nerr=2.82, is obtained from 
wP, instead of 1.33 in Ref. 55. Our value agrees with 
nerr=2. 74 found for a-Sn in the same energy range. 

After a period of about 24 h, the /3-Sn f'llm again 
transforms partially into a-Sn. Once the a-{3 transition 
has taken place, /3-Sn seems to prevent the full transfor
mation into a-Sn at RT. Thus the transformation is only 
partly reversible. 
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V. CONCLUSIONS 

We have measured the effect of temperature on optical 
interband transitions of gray tin between l.2 and 5.6 eV. 
Special care was taken with sample preparation and to 
avoid surface contamination; this allowed us to obtain re
liable optical constants for this material. Real and imagi
nary parts of the dielectric function are presented in the 
range 100-350 K. Line-shape analysis of numerically cal
culated second-derivative spectra of the original data 
yields information about critical-point energies, broaden
ing parameters, amplitudes, and phases of the E 1> 
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